Abstract. In this paper, it is shown that for an n-dimensional spherical unit speed curve γ : I → S n , a given point P ∈ S n and a point s 0 of the open interval I, the spherical orthotomic curve-germ ort γ,P : (I, s 0 ) → S n of γ relative to P is L-equivalent to the spherical pedal curve-germ ped γ,P : (I, s 0 ) → S n of γ relative to P (resp., the spherical dual curve-germ u n : (I, s 0 ) → S n of γ) if and only if P = ±u n (s 0 ) (resp., if P = ±u n (s 0 )).
Introduction
Throughout this paper, let I, S
n be an open interval and the unit sphere in R n+1 (n ≥ 2) respectively. We are concerned with singularities of spherical orthotomic curve. In the case of R 2 , plane orthotomic curves are classically well-studied in differential geometry and have interesting applications (for instance, see [2] ). Given a plane unit-speed curve γ : I → R 2 and a point P of R 2 , the pedal curve of γ relative to P and the orthotomic curve of γ relative to P are naturally defined; and it is easily seen that the orthotomic curve is L-equivalent to the pedal curve. Thus, in R 2 , the study of singularities of the orthotomic curve comes down to the study of singularities of the pedal curve (for details, see Section 5) . Since the recognition problem for generic singularities of spherical pedal curve have been already solved (see [3, 4] ), in the case of S n as well, it is expected to have a similar relationship as the plane curve case. However, in the case of S n , for a given spherical unit-speed curve γ : I → S n and a given point P of S n , the spherical pedal curve of γ relative to P is not always defined although the spherical orthotomic curve of γ relative to P is always defined. Moreover, even if the spherical pedal curve is defined, it is uncertain about the L-equivalence between the spherical orthotomic curve and the spherical pedal curve. Therefore, generic singularities of spherical orthotomic curve is wrapped in mystery.
The purpose of this paper is to clarify the mystery surrounding spherical orthotomic curve-germs.
n is called a spherical unit speed curve if the following u i : I → S n (1 i n − 1) is inductively well-defined:
Notice that the inductive assumption κ i (s) > 0 for any i (1 i n − 1) and any s ∈ I are not so strong (see [3] ). In [3] , the following has been shown .
For any s ∈ I and any integers i,k such that −1 i < k n − 1, the following hold:
(
Here, the dot in the center stands for the scalar product of two vectors of R n+1 .
Definition 2. ([3]
, see also [1, 5, 6] ) Let γ : I → S n be a spherical unit speed curve. (1) The mapping u n : I → S n , called the spherical dual curve of γ, is defined by det (u 0 (s), . . . , u n−1 (s), u n (s)) = 1.
(2) The function κ n : I → R is defined by
. By Definition 2, it is clear that the set consisting of (n + 1)-vectors u 0 (s), . . . , u n (s) is a unit orthogonal basis of R n+1 . The spherical pedal curve and the spherical orthotomic curve are defined as follows:
n be a spherical unit speed curve. Moreover, let
be a point of S n such that (P · u n (s)) = ±1 for any s ∈ I. Then, the spherical pedal curve of γ relative to P , denoted by ped γ,P : I → S n is defined as follows:
.
Notice that for a point P such that there exists s 0 ∈ I satisfying (P · u n (s 0 )) = 1, the spherical pedal curve ped γ,P is not well-defined when s = s 0 . By Definition 3, it is easily seen that the following holds:
Definition 4. Let γ : I → S n be a spherical unit speed curve. Moreover, let
be a point of S n . Then, the spherical orthotomic curve of γ relative to P , denoted by ort γ,P : I → S n is defined as follows:
Notice that for a given unit-speed curve γ and a point P ∈ S n , the spherical orthotomic curve of γ relative to P is always defined while the spherical pedal curve for γ and P is not always defined. Notice also that when P = ±u n (s 0 ) , it follows that ort γ,P (s 0 ) = −P . 
The main result of this paper is the following: Theorem 1. Let γ : I → S n be a spherical unit speed curve and let P be a point of S n . Then, for any s 0 ∈ I, the following hold.
(1) The orthotomic curve-germ ort γ,P : (I, s 0 ) → S n is L-equivalent to ped γ,P : (I, s 0 ) → S n if and only if P = ±u n (s 0 ). (2) The orthootomic curve-germ ort γ,P : (I,
Notice the following:
(1) The pedal curve-germ ped γ,P : (I, s 0 ) → S n is not well-defined in the case P = ±u n (s 0 ). (2) The converse of the assertion (2) of Theorem 1 does not hold in general because the curve-germ ped γ,P : (I, s 0 ) → S n is generically L-equivalent to the dual curve-germ
Since singularities of u n : (I, s 0 ) → S n and singularities of ped γ,P have been relativelywell investigated, thanks to Theorem 1, normal forms of generic singularities of ort γ,P can be obtained systematically and recognizably (for details, see Section 2). This paper is organized as follows. In Section 2, applications of Theorem 1 are given. In Section 3, preliminaries for the proof of Theorem 1 are given. Theorem 1 is proved in Section 4. Finally, for readers' convenience, plane pedal curves and plane orthotomic curves are reviewed in Section 5.
Applications of Theorem 1
2.1. Application 1. Singularities of spherical orthotomic curve-germs have been lessstudied. To the best of authors' knowledge, only [7] is the literature on this topic. Although [7] is the work of pioneer and his results are interesting, the tool used there is the standard one in Singularity Theory given by [2] , and thus the results obtained in [7] are just the V-equivalence of images of parametrization-germ, not the L-equivalence of parametrization-germs. It is significant to strengthen the results of [7] to results on L-equivalence of parametrization-germs, and also to investigate the case that the given point P is over the curve γ (this case has not been treated in [7] ). Moreover, we wanted to generalize his results in higher dimensions. By Theorem 1, all of the above purposes can be realized.
Application 2. Definition 6. For any
Combining Theorem 1.1 of [3] and Theorem 1, the following corollary is obtained.
Corollary 1.
Suppose that the dual curve u n is non-singular and P is located outside u n (I). Then, singularity types of ort γ,P depend only on the location of P . Thus, for instance, we have the following:
u n−2 (s 0 ) if and only if the map-germ ort γ,P :
n is L-equivalent to the map-germ given by the following:
Notice that in the assertion (2) of Corollary 1, the orthotomic curve-germ ort γ,P : (I, s 0 ) → S n must be singular while the dual curve-germ u n : (I, s 0 ) → S n is non-singular. Therefore, as a by-product of Corollary 1, we have the following Corollary 2.
Definition 7. Two curve-germs f, g : (I, s 0 ) → S n are said to be A-equivalent if there exist germs of
Corollary 2. Suppose that the dual curve u n is non-singular and the point P is located inside S n−2 u i (s 0 ) . Then, the following hold:
Combining Theorems 2 and 3 of [4] and the above Theorem 1, the following corollaries are obtained.
Definition 8. The function f : I → R is said to have A k -type singularity (k 0) at
Corollary 3. Let γ : I → S n be a spherical unit speed curve. Suppose that for s 0 ∈ I P is located inside S n un(s 0 ) − S n−1 u n−1 (s 0 ) . Then the following hold.
(1) If κ n has an A k -type singularity at s 0 (0 k n − 2), then the orthotomic curve-germ ort γ,P : (I, s 0 ) → S n is L-equivalent to the map-germ given by
elements
).
(2) If κ n has an A n−1 -type singularity at s 0 , then the orthotomic curve-germ ort γ,P : (I, s 0 ) → S n is A-equivalent to the map-germ given by
Corollary 4. Let γ : I → S n be a spherical unit speed curve. Suppose that κ n has an A 0 -type singularity at s 0 . Then the following hold.
(1) The pedal point P is inside S 
Preliminaries
Lemma 3.1.
. From Lemma 3.2, it follows that Lemma 3.1 is equivalent to the following:
n be a spherical unit speed curve. Let P be a point inside S n − {±u n (s)|s ∈ I}. Then, Ψ P : S n − {±P } → S n is defined by:
From Definition 9 and Lemma 1.2, it follows that ped γ,P is factored into two mappings as follows:
By Property 3.1, Lemma 3.1 is equivalent to the following Lemma 3.4:
is a singular point of Ψ P . Figure 1 shows the relationship between spherical pedal curves and spherical orthotomic curves when spherical pedal curves exist. By Figure 1 , the following equality holds. Notice O ped γ,P (s) P ort γ,P (s) θ Figure 1 . ped γ,P (s) and ort γ,P (s) in S n .
that cos θ is more than 0 and less than or equal to 1 for the angle θ given in Figure 1 .
It is clear that cos θ = P · ped γ,P (s).
Thus, we have the following.
Lemma 3.5.
ort γ,P (s) = 2(P · ped γ,P (s))ped γ,P (s) − P.
Definition 10. For any P ∈ S n , Φ P : R n+1 → R n+1 is defined as follows.
Lemma 3.6. Let γ : I → S n be a spherical unit speed curve. Let P be a point inside S n − {±u n (s)|s ∈ I}. Then, the following holds.
Proof of Theorem 1
4.1. Proof of the assertion (1) of Theorem 1. Since the pedal curve-germ ped γ,P : (I, s 0 ) → S n can be defined only when P = ±u n (s 0 ), it is sufficient to show that ort γ,P is L-equivalent to ped γ,P if P = ±u n (s 0 ).
From Lemma 3.6, the following Lemma 4.1 holds: . (
n is a singular point of Φ P |S n ⇔ n 2 and P · x = 0.
P roof of the assertion (1) of Lemma 4.2. In order to show Φ P (S n ) ⊂ S n , take an arbitrary point x of S n . Then,
Therefore, Φ P (S n ) ⊂S n . In order to show Φ P (S n ) ⊃S n , take an arbitrary point y of S n . Suppose that y = −P . Set
((y · P ) + 1) (y + P ) − P = (y + P ) − P = y.
Next, suppose that y = −P . Let x be a point of S n such that x · P = 0. Then, 2(x · P )x − P = −P = y. Therefore, Φ P (S n ) ⊃S n . ✷ P roof of the assertion (2) of Lemma 4.2. Set e 1 = (1, 0, . . . , 0) . Let R be a rotation matrix such that P R = e 1 . Let x be a point of R n+1 . Set y = xR. Then we have the following:
Here, R t (resp., e t 1 ) stands for the transposed matrix of R (resp., e 1 ). Therefore the following diagram is commutative.
Here, R means the rotation defined by x −→ xR. By this commutative diagram, it follows that x is a singular point of Φ P if and only if xR = y is a singular point of Φ e 1 . It is easily confirmed that y is a singular point of Φ e 1 if and only if e 1 · y = 0. Moreover, the following equality is easily seen.
Therefore, the proof of the assertion (2) of Lemma 4.2 completes. ✷ P roof of the assertion (3) of Lemmma 4.2. When n=1, we may set x = (x 1 , x 2 ) = (cos θ, sin θ). Then, we have the following: Φ P (x) = 2(P · x)x − P = 2 cos θ(cos θ, sin θ) − (1, 0) = (cos 2θ, sin 2θ).
It follows that Φ P | S 1 is non-singular.
Next, suppose that n ≥ 2. Set E P = {x ∈ S n | P · x = 0}. Then, E P is an (n − 1)-dimensional submanifold of S n . By the assertion (2) of Lemma 4.2, it follows that a point x ∈ S n belongs to E P if and only if it is a singular point of Φ P . Notice that Φ P (E P ) = −P which implies that for any point x of E P , the following holds:
Notice also that dim E P ≥ 1 in this case. Therefore, a point x ∈ S n belongs to E P if and only if it is a singular point of Φ P | S n . ✷ For any P ∈ S n , denote the open hemisphere centered at P by H(P ). Namely, H(P ) is defined as follows:
Then, notice than any point of H(P ) is a regular point of Φ P | S n by the assertion (3) of Lemma 4.2. Moreover, it is easily seen that Φ P | H(P ) : H(P ) → Φ P (H(P )) is bijective. Hence, we have the following: Lemma 4.3. For any P ∈ S n , the mapping
is a C ∞ diffeomorphism.
Since Ψ P (x) · P > 0 for any x ∈ S n − {±P }, by Property 3.1, it follows that ped γ,P (I) ⊂ H(P ). Therefore, by Lemma 4.3, the assertion (1) of Theorem 1 holds. ✷ Note 4.1. The proof given above actually shows that if P is located outside u n (I), then ort γ,P and ped γ,P are L-equivalent. Hence, the assertion (1) of Theorem 1 can be improved to the global version as follows.
Theorem 2. Let γ : I → S n be a spherical unit speed curve and let P be a point of S n . Then, The orthotomic curve ort γ,P : I → S n is L-equivalent to ped γ,P : I → S n if and only if P ∈ u n (I).
4.2.
Proof of the assertion (2) of Theorem 1. Let P be the point satisfying P = u n (s 0 ) or P = −u n (s 0 ) and let U be a sufficiently small neighborhood of P in S n . By the following lemma, the equality given in Lemma 3.6 can be extended to the case that ped γ,P can not be defined.
Lemma 4.4. For any x ∈ U − {P }, the following holds:
Proof.
✷ Since the assertion is concerned with map-germ at s 0 , we may assume I is sufficiently small so that I ⊂ ±u −1 n (U). By Lemma 4.4, if ±u n (s) is inside U −{P }, then the following holds:
. Since all of ort γ,P : I → S n , u n : I → S n and Φ P : S n → S n are continuous mappings, the above equality ort γ,P (s) = −Φ P • u n (s) can be extended to the s satisfying P = ±u n (s). In other words, two mappings ort γ,P : I → S n and −Φ P • u n : I → S n are exactly the same mappings. Moreover, since U is sufficiently small and any point of U is a regular point of Φ P , it follows that −Φ P | U : U → −Φ P (U) is a C ∞ diffeomorphism. Therefore, ort γ,P and u n are L-equivalent. ✷ Note 4.2. Consider a unit-speed curve γ : (−2, 2) → S n such that u n is an embedding and u n (−1) = −u n (1) is satisfied. Set P = u n (1). Then, ort γ,P (−1) = ort γ,P (1) = −P . Hence, ort γ,P : (−2, 2) → S n is not injective. Therefore, ort γ,P and u n are not Aequivalent. This example shows that the assertion (2) of Theorem 1 cannot be improved to the global version.
Appendix: Plane pedal curves and plane orthotomic curves
Let γ : I → R 2 be a unit-speed and let P be a point of R 2 . Following J.W. Bruce and P.J. Giblin [2] , the pedal curve of γ relative to P and the orthotomic curve of γ relative to P are reviewed.
Definition 11 ([2]).
(1) The pedal curve of γ relative to P , denoted by ped γ,P : I → R 2 , is defined as follows:
ped γ,P (s) − P = ((γ(s) − P ) · N(s)) N(s).
(2) The orthotomic curve of γ relative to P , denoted by ort γ,P : I → R 2 , is defined as follows:
ort γ,P (s) − P = 2 ((γ(s) − P ) · N(s)) N(s). Here, N(s) stands for the unit normal vector to γ at γ(s).
Let L : R 2 → R 2 be the mapping defined by L(x) = 2x − P . Then, L is clearly a C ∞ diffeomorphism and ort γ,P = L • ped γ,P (see Figure 2) . Hence, ort γ,P is always L-equivalent to ped γ,P .
T (s) γ N(s) P ped γ,P (s) = ((γ(s) − P ) · N(s)) N(s) + P ort γ,P (s) = 2 ((γ(s) − P ) · N(s)) N(s) + P Figure 2 . ped γ,P (s) and ort γ,P (s) in R 2 .
